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Abstract: For the first time, in this paper, a robust stability test procedure is proposed for
linear time-invariant fractional order systems (LTI FOS) of commensurate orders with
interval uncertain parameters. For the LTI FOS with no uncertainty, the existing stability
test (or check) methods for dynamic systems with integer-orders such as Routh table
technique, cannot be directly applied. This is due to the fact that the characteristic equation
of the LTI FOS is, in general, not a polynomial but a pseudo-polynomial function of the
fractional powers of the complex variable s. Of course, being the characteristic equation a
function of a complex variable, stability test based on the argument principle can be
applied. On the other hand, it has been shown, by several authors and by using several
methods, that for the case of LTI FOS of commensurate order, a geometrical method based
on the argument of the roots of the characteristic equation (a polynomial in this particular
case) can be used for the stability check in the BIBO sense (bounded-input bounded-
output). In this paper, we demonstrated this technique for the stability check for LTI FOS
with parametric interval uncertainties through a worked-out illustrative example. In this
example, time-domain analytical expression are available. Therefore, time-domain and
frequency-domain stability test results can be cross-validated.

Key words: fractional order calculus, robust stability, parametric interval uncertainties,
polynomial with fractional power, fractional order systems
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1 Introduction

Stability is an asymptotic qualitative criterion of the quality of the control circuit and
is the primary and necessary condition for the correct functioning of every control circuit.
The existing methods developed so far for stability check are mainly for integer-order
systems. However, for fractional order dynamic systems, it is difficult to evaluate the
stability by simply examining its characteristic equation either by finding its dominant roots
or by using other algebraic methods. At the moment, direct check of the stability of
fractional order systems using polynomial criteria (e.g., Routh's or Jury's type) is not
possible, because the characteristic equation of the system is, in general, not a polynomial
but a pseudopolynomial function of fractional powers of the complex variable s. Thus there
remain only geometrical methods of complex analysis based on the so called argument
principle (e.g. Nyquist type) [Kemplfe 1996, Petras et al. 1999].

When there are interval-type parametric uncertainties in the LTI FOS, to perform the
robust stability test, we combine the above demonstrated stability test technique with the
celebrated Kharitonov's Edge Theorem.

This contribution further clarifies the application of the indirect stability check
method. We have also included a demonstrative example to verify the proposed robust
stability test procedure.

2 Fractional order calculus

Fractional calculus is a generalization of integration and differentiation to non-integer
order fundamental operator ,D/*, where « and ¢ are the limits of the operation. The two

definitions generally used for the fractional differintegral are the Grunwald-Letnikov (GL)
definition and the Riemann-Liouville (RL) definition [Oldham et al. 1974, Podlubny 1999].
The RL definition is given by the expression:

1 d [ /)

D, f(t):r,(l_a) i a(l—’t)a
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for (0 < a < 1) and where I'(.) is the well known Euler's gamma function. The
formula for the Laplace transform of the RL fractional derivative (1) has the form
[Podlubny 1999]:
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3 LTI fractional systems with commensurate order

A fractional order system can be represented by a transfer function of the form:

b, s"" + ..+ bt +bystt O(s™)

ansB" +...+alsBl +a0sﬁ” - P(sBk)’

G(s) = (3)
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where i, b, (k=0,1,2,...) are generally real numbers £, > ... £ > fo,, fim > --- th
> 1y, and ay, by, (k=0, 1,2, ...) are arbitrary constants. In the case of commensurate order
systems it holds that, ;= ok, B; = ak, k € Z, V i, and the transfer function has the form:

M
kaak S(x
G(s) = Ky =H=0 =K, XA a) 4
o aks“k P(S )

With N > M the function G(s) becomes a proper rational function in the complex
variable s* and can be expanded in partial fractions of the form:

X4
Gs) = Kolzsq ) ] ()
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where A;, i = 1,.., N are the roots of the polynomial P(s*) or the system poles (assumed
simple). The unit-step response of the system (5) can be expressed as

K| 4 S
p) =L Y = Ko Y A B () (6)
i i=1

i=l1

being £, , (z) the Mittag-Leffler function in two parameters, which can be defined by
using the gamma function I'(.) as [Mittag-Leffler 1904, Podlubny 1999]:

o0 Zn
E, (2)= ;m (7

4 Robust stability test procedure for LTI FOS

It is well-known that an integer order LTI system is stable if all the roots of the
characteristic polynomial P(s) are negative or have negative real parts if they are complex
conjugate [Dorf et al. 1990]. This means that they are located on the left of the imaginary
axis of the complex plane s. When dealing with commensurate order systems (or, in
general, with fractional order systems) it is important to have in mind that P(s*) is a
multivalued function of s, the domain of which can be viewed as a Riemann surface [Pierre
1966]). Thus, we have to modify the stability statement as follows: a commensurate order
system is stable if its transfer function G(s) is analytic in the right-half plane of the
principal sheet of the Riemann surface and on the imaginary axis of said sheet.

Since the principal sheet of the Riemann surface is defined by -n < arg (s) < w, by
using the mapping ¢ = s, the corresponding o domain is defined by -an < arg (o) < ax,
and the & -plane region corresponding to the right-half plane of this sheet is defined by
- /2 < arg (o) < o 7w/2.
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Conjecture. Robust stability condition: The LTI FOS described by (4) with
parametric interval uncertainties is robustly stable, if and only if four Kharitonov's
polynomials of the equivalence system H(o) satisfy to the argument condition

|arg(0)| > a%, VoeC, P(o,q)=0,

where transformation is: s* — o, for 0 < @ < 1 and ¢ is parametric uncertainty. When
o = 0 is a single root of P, the system cannot be stable.

The procedure for the robust stability check of the fractional order system can be
divided to the following steps:
o stepl: we rewrite the LTI FOS G(s) of the commensurate order a, to the equivalence
system H(c), where transformation is: s* — o, for 0 < a < 1;
e step2: we then write the interval polynomial P(c, ¢) of the equivalence system H(c),

where interval polynomial is defined as P(o,q) = Z[q’,q*] c';
i=0
e step3: for interval polynomial P(c,q), we have to write four Kharitonov's polynomials:
P (o), p(c),p (o), 0" (0);

o step4: we test that four Kharitonov's polynomials satisfy to the stability condition:
|arg(cl-)| > (xg, Vo € C, being o; the i roots of P(0);

Simplification for low-degree polynomials: less Kharitonov's polynomials to be tested:
o degree5: p(0),p (0),p" (o)
e degreed: p' (o), p (o)
e degree3: p (o)

5 Illustrative example

We summarized a robust stability test procedure to answer the sample question given
below. Given a family of the LTI FOS (with commensurate orders) described by

1
G(s,a,b) = ————F—
s +as® +b

(®)
where @ € [0,1] and b € [1,2]. Question: Is G(s, a, b) robustly stable for all a and b ?
For the interval uncertainty of the parameters a and b we can show out the area of
roots for characteristic equation of system (8) in the s-complex plane. As we can see in
Figure 1, all roots are located in the left half plane.
Applying the robust stability theorem, however, we have the equivalence system

1

Ho)=———
©) o +ac+b

)
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where the transformation is s* — o, a = 0.5. The new characteristic polynomial with
uncertain parameters a and b is P(c) = 6 + ac +b = 0. An interval polynomial then is

p(o.q) =[1,2]+[0,l]o + o (10)
and four Kharitonov's polynomial are:
p(o)=1+c", pf(o)=l+c+0c", pT(0)=2+06>, pH(6)=2+0+0c> (11)

For our case, where polynomial degree is 3, will be sufficient to test the polynomial
P (0). The roots of the polynomial p* (o) =2+c” are: 61, =0.629 + 1.091, o3 = -1.265.
Figure 2 shows the poles map, where all poles lie inside of the limited angular sector
because | arg(c) [> n/4 for all o, where | arg(c),) [=1.0472 and | arg(c;) |= nand = 0.5.
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Figure 1. Poles map in s-complex plane for LTI Figure 2. Poles map in o - complex plane and
FOS (8) with parametric interval uncertainties @ stability limits (closed angular sector) for o=
€ [0,17and b € [0,1]. 0.5.

The analytical solution (unit-step response) of LTI FOS (8) is based on the Mittag-
Leffler function (7) and has the form [Podlubny 1999]:

0 _1 k
() = Z%bkﬂ'5(k+1)1E(k)1,2.5+0.5k (—ar), (12)
k=0

where E\(,kg (Az) is kth derivative of the Mittag-Leffler function in two parameters.

Figure 3 and Figure 4 show the simulation results for described (in legend) set of the
parameters a and b.

The results given above which are based on the combination of Matignon's and
Kharitonov's theorem and solution (12), depicted in Figure 3, for limits of the parameters a
and b show that system G(s, a, b) is robustly stable for all a € [0,1] and b € [0,1].

251



Imag axis

&om o

[
T T |
GALL

@

wl LALE

=

Time [s] Real axis

Figure 3. Unit-step responses for (8). Figure 4. Nyquist plots for (8).

6 Conclusion

In this contribution we presented an illustrative example for checking the stability of
LTI fractional order systems with commensurate orders and parametric interval
uncertainties but parameters are known to lie within a known interval using the method
given in Matignon's work [Matignon 1996] and Kharitonov's work (see e.g.[Henrion
20017]). The stability is checked also via classical methods given in [Dorf et al. 1990] and
the obtained results are compared in time and frequency domain. It can be seen that the
proposed check method is very simple and good for stability investigation of the LTI FOS.

We show only experimental approach to solution of the robust stability of the LTI
FOS of commensurate orders with parametric interval uncertainties but clear and exact
proof is still missing.

This work was supported by grant VEGA 1/7098/20 from the Slovak Grant Agency.

References

HENRION, D. 2001. Robust stability analysis: Interval uncertainty, Graduate course on
polynomial methods for robust control - Part 1.2, http://www.laas.fr/~henrion/courses/

KEMPFLE, S., BEYER, H. 1996. Global and causal solutions of fractional linear differential
equations. In  Proc. 2nd International Workshop Transform Methods & Special
Functions, Varna, pp. 210-226.

MATIGNON, D. 1996. Stability result on fractional differential equations with applications
to control processing. In IMACS - SMC Proceeding, July, Lille, France, pp. 963-968.
MITTAG-LEFFLER, G. 1904. Sur la representation analytique d'une branche uniforme d'une

fonction monogene. Acta Mathematica, vol. 29, pp. 101-181.
OLDHAM, K. B., SPANIER, J. 1974. The Fractional Calculus. Academic Press, New
York.
PIERRE, D. A. 1966. Minimum Mean-Square-Error Design of Distributed Parameter
Control Systems. ISA Transactions, vol. 5, pp. 263-271.
PETRAS, 1., DORCAK, L. 1999. The frequency method for stability investigation of
fractional control systems. SACTA journal, vol. 2, no. 1-2, L. Hills, S.Africa, pp. 75-85.
PODLUBNY, L. 1999. Fractional Differential Equations. Academic Press, San Diego.

252


http://www.laas.fr/~henrion/courses/polyrobustI2.pdf

